This paper describes a novel method for the modeling of intermittent contact in multi-rigid-body problems. We use a complementarity based time-stepping scheme in Featherstone's Divide and Conquer framework to efficiently model the unilateral and bilateral constraints in the system. The time-stepping scheme relies on impulse-based equations and does not require explicit collision detection. A set of complementarity conditions is used to model the interpenetration constraint and a linearized friction cone is used to yield a linear complementarity problem. The Divide and Conquer framework ensures that the size of the resulting mixed linear complementarity problem is independent of the number of bilateral constraints in the system. This makes the proposed method especially efficient for systems where the number of bilateral constraints are much greater than the number of unilateral constraints. The method is demonstrated by applying it to a falling 3D double pendulum.
Introduction
Modeling of unilateral constraints in a system of interconnected bodies is a frequently encountered problem in the design and optimization of simple mechanisms, robotic manipulators, automobiles, manufacturing assemblies and complex spacecrafts. Accurate simulation models reduce the time and cost associated with the design, prototyping and testing of such engineering systems while improving their performance.
In real-world applications, local deformations are expected to occur at all the unilateral contacts. Traditionally, there are two different strategies to model these intermittent contacts. The first approach is to model the local deformation on contacting bodies [1] with the normal and tangential interaction forces between the contacting bodies being determined from a local deformation model. These forces in turn influence the dynamic behavior of the system. The advantage of this approach is that the system of equations is effectively a set of PDE's and in theory may be solved by conventional methods. The disadvantage of this kind of approach is the difficulty of developing and analyzing a good local contact/deformation model. Additionally, such formulations are inclined to produce very stiff systems of equations which are computationally expensive to solve. Such treatments capture local dynamic behavior in and around the contact site which often exists at sufficiently small spatial and temporal scales relative to that of the primary motion of the system as to be of no interest. Unfortunately, it is this unimportant local dynamic response which governs the behavior of the temporal integration of the system equations resulting in unacceptably slow and computationally expensive simulations. For example modeling metal-metal contacts in this manner, as one might find in certain tracked vehicle problems, often leads to integration steps of less than 10 −6 seconds in order to maintain integrator stability while the temporal scale of interest is usually several orders higher (e.g 10-20 seconds) than the integrator time step. This happens because the local force-deformation model has captured the ringing of the metal. This ringing can be eliminated by replacing the local stiff deformation model with a kinematic constraint. Thus, it is often desirable to ignore the localized deformations of the interacting bodies and treat them as rigid.
This points to the other important strategy which does not consider local deformations but instead focuses on kinematic constraints and impulsive changes in the state [2] - [7] . The contact process is governed by a set of complementarity rules also known as Signorini's law. It states that in contact dynamics either relative normal kinematical quantities are zero and the accompanying constraint forces or constraint force combinations are not zero, or vice versa. For a closed contact the relative normal distance and normal velocity of the colliding bodies are zero and the constraint force in the normal direction is not zero, or the reciprocal. The exception to the above rules is the special case when both the normal relative kinematical quantities and the associated constraint forces are simultaneously zero. For stiction the tangential relative velocity is zero, and the constraint force is located within or on the boundary of the friction cone. The resulting inequalities are then used for an evaluation of the transitions between the contact states. In the traditional approach, a multibody system with m B bilateral constraints and m U unilateral constraints results in an expensive O(2 m U ) combinatorial problem (Briefly discussed in section 2) of determining a consistent set of contact states [6] . The use of complementarity methods significantly alleviates this O(2 m U ) combinatorial process by extending the contact laws to unambiguously describe transitions for all possible contact states and generate only consistent contact state sets. This kind of an approach was employed by Moreau [8] and extended by others [4] - [7] , [9] - [14] .
For a multibody system the overall complexity is characterized by the number of generalized coordinates (n) and active constraints (m) which are bilateral constraints (m B ) and unilateral constraints (m U ). In this respect, the straight forward application of classical multibody methods (Newton-Euler and Lagrange) commonly require O(n 3 ) computations to construct the system-wide mass matrix and solve for the accelerations at each time step. For highly constrained systems, this can be prohibitive. Alternatively such systems may be described as a set of differential algebraic equations (DAEs), which are as a rule sparse and of near maximal dimension and must utilize special sparse system solvers and integration schemes.
This paper describes a hybrid Divide and Conquer-Complementarity approach to efficiently model the unilateral and bilateral constraints in multibody systems. This hybrid formulation is felt to offer some advantages over the classical approach to model unilateral constraints since the Divide and Conquer Algorithm (DCA) [15, 16, 17] does not require building a system mass matrix to compute the generalized accelerations for the system and the use of Complementarity Method on an average avoids the expensive O(2 m U ) combinatorial problem of determining consistent contact states. The complementarity solvers may still incur an exponential expense in the worst case scenarios. However, in most cases, they produce a solution significantly faster.
The outline of the paper is as follows. First a brief discussion of the classical approach to model unilateral constraints in multibody dynamics is presented. This is followed by the description of the complementarity based contact model and the time stepping scheme for a single body. The paper then describes how this model can be used for unilateral constraints in a DCA framework for a general multibody system. The paper then concludes by giving numerical results for a free falling 3D double pendulum on a plane with friction and a comparison with an Autolev model.
Traditional Complementarity Based Approach for Mutibody Problems
A standard Linear Complementarity Problem (LCP) can be defined as follows. For a given matrix A 1(n×n) and vector b 1(n×1) , find a n × 1 vector z such that the following conditions are satisfied.
We get a Mixed Complementarity Problem (MCP) if there are additional equality constraints on z of the form 0 = A 2 z + b 2 , where A 2 and b 2 are known and of dimensions m × n and m × 1, respectively. The interested reader can find a detailed discussion on LCP and MCP in [18] . The goal is then to cast the equations describing the unilateral constraints into a LCP (or MCP). The equations of motion for a general multibody system can be expressed in the following standard form.
In these equations, q n×1 represents the n generalized system coordinates and the associated time derivatives or the generalized speeds are represented by u. Equation (3a) mapsq into generalized speeds u which are velocity level quasi-coordinates that facilitate the formulation. The matrix M is the system mass matrix, while K consists of all the forcing terms which are state dependent, such as external forces and body forces, and additionally includes the inertia forces arising from the centripetal and Coriolis accelerations. The quantity A is the constraint Jacobian associated with the partial derivative of the m independent algebraic constraint equations represented by equation (3c) with respect to q and u. In general this system may have a total of m B bilateral and m U unilateral constraints. Whenever a unilateral constraint becomes active it restricts the relation between certain degrees of freedom for the system. A direct consequence is that the effective degrees of freedom for the system vary depending upon its state and the number of active unilateral constraints. Correct representation of contact states requires appropriately enforcing the unilateral constraints on the system. The admissible motions of each body in the system which are compatible with kinematic constraints necessary to represent contact states have been described in [3] . These can be expressed as follows.
Where g N (m N ×1) represents the normal distances at the points of potential contact. g N (m N ×1) andġ T (m T ×1) are the normal and tangential components of the relative velocities, and the corresponding relative accelerations areg N (m N ×1) andg T (m T ×1) . The terms m N and m T are the number of potentially active normal and tangential constraints while W N and W T are the constraint matrices relating system derivativesu to the relative accelerations g N andg T respectively. The matricesw N ,w T , w N and w T arise due to prescribed motion in the system. Equation (3b) can now be written in form
In the above equation, the contact force has been segregated into normal (λ N ) and tangential (λ T ) components, while λ B represents the generalized bilateral constraint forces. A
T B
represents the bilateral constraint Jacobian and H takes into account sliding friction as a function of the normal contact force λ N . In equation (7) there are n unknowns in the generalized accelerationsu, m B unknowns in the bilateral constraint forces λ B , m N and m T unknowns in the relative accelerations of the potential contactsg T andg T respectively. Similarly, there are an additional m N and m T unknowns associated with the corresponding unilateral constraint forces λ N and λ T resulting in a total of n + m B + 2(m N + m T ) unknowns. Equations (5) and (7) along with the equations for bilateral constraints represented in equation (3c) provide n + m B + m N + m T equations. The remaining m N + m T equations are provided by Signorinis's Law or the unilateral contact conditions [3] given as
Now one may proceed by treating the unilateral constraints as a set of bilateral constraints which are selectively made active or inactive [2, 19] . In this approach, all the individual contact states must be monitored at each time step. At this point a single transition in a contact state has an influence on all other contact states within the system, and may result Kishor D. Bhalerao CND-08-1090in the need for the simultaneous transition of additional contact states. Unfortunately, there is no a priori knowledge of what this appropriate system-wide contact state is, which makes a search for a valid new contact state set necessary. The worst case scenario results in an extremely expensive O(2 m U ) combinatorial problem of determining a consistent set of contact states.
The O(2 m U ) combinatorial problem can, to a significant degree, be sidestepped using a complementarity formulation to describe contact states. In this approach, the contact laws including all possible transitions like contact/detachment and slide/stiction are formulated as linear or non linear complementarity conditions [4] depending upon the contact features. The Coulomb's friction law then takes the well known form for a two dimensional contact which can be written as 0 ≤ġ
0 ≤ġ
Where, the superscripts + and − denote the positive and negative direction of relative sliding. This model describes the stiction and sliding regimes in the following manner. When the frictional force is sufficiently large to prevent any motion, then we have |λ T | < µλ N anḋ g T = 0, which clearly satisfy equations (9a) and (9b). When the body is sliding in the positive direction,ġ
= 0 and λ T = −µλ N which again satisfy the complementarity conditions given above. The case when the body is sliding in negative direction can similarly be explained.
This model can be extended into a 3D version based on the desired approximation of the friction cone. Thus equations (7) along with equations (8) and (9) corresponding to each contact can now be solved together as a complementarity problem using existing methods. However, solution to this problem is also potentially expensive for large and highly constrained systems. If an indirect method (e.g Lagrangian formulation) with relative coordinates is used in the formulation of equation of motion (7) , then the solution of the system state derivative requires the decomposition of the system mass matrix M (n×n) . This decomposition process by direct methods has an order-n 3 or O(n 3 ) expense, where n is the number of generalized coordinates for the system. Additionally, each of the matrix blocks appearing as a coefficient matrix to {λ T B , λ T N , λ T T } are densely populated. As a result the overall computational cost associated with the formation and solution of the complementarity problem using a traditional indirect dynamics formulation as described above at each time step is O(n 3 + nm 2 + m 3 ) with m = m B + m N + m T . By comparison, if a full descriptor formulation [20] is used, then all the constraint forces appear explicitly and M is effectively a block diagonal matrix and can be easily inverted. However in this case, m B is very large and the matrix blocks involving A B appearing in equation (7) are of large dimension and often highly populated for heavily constrained systems. In such cases, one must often use the special sparse-stiff DAE solvers.
Given this undesirable growth in computational expense with problem size for articulated body systems, the cost of simulating large systems can quickly become prohibitive. The performance of the conventional complementarity based models is severely hampered for highly constrained systems, specially when the number of bilateral constraints in the systems is much larger than the number of unilateral constraints in the systems. A combination of order-n methods for constrained multibody systems and complementarity methods can effectively address this issue.
Rigid Body Contact Model
In this section, the contact model for a single rigid body will be described. In section 4 this formulation will be extended to generalized multibody system in a DCA framework. The contact model used in this formulation is identical to the one described in [10, 14, 21] and is very briefly discussed here in an effort to make the paper more self contained.
The contact model consists of a set of equations and inequalities enforcing the Newton Euler equations of motion and kinematic non-penetration constraints for a rigid body with dry friction at the contacts. Consider a body with a spatial 6 × 6 mass matrix M. Let q and u retain their prior meaning, then the dynamics of this body is described by the equation
In equation 10 F a is a 6×1 vector which includes the external/body forces and the gyroscopic terms which are known as functions of state and F c is the unknown 6 × 1 force vector due to a unilateral constraint on the body. F c consists of a normal contact force (λ N ) and a frictional force (λ F ) which can be nonzero only when the unilateral constraint is active.
In the following discussion we would look at the complementarity conditions governing the contact force.
Friction Model
Typically for any body in space, there is a set of possible states it can take without interpenetrating with any solid object in its environment. Based on the knowledge of the state of the body and the interacting environment, it is possible to come up with a distance function g N = f (q), where q represents the generalized coordinates of the body, which is positive when there is no contact, equal to zero when there is a contact and negative when there is interpenetration. This is illustrated in figure 1 . Points P and Q are located on the convex boundaries of the interacting bodies. Knowing the state of the system, the location of points P and Q can be computed such that the vector P Q has the least possible magnitude [6] . Then g N = | P Q|. For a generalized 3D environment there are several techniques to compute the distance function f (q) [22] . Here, we assume that a signed distance function is available in the form of existing softwares or methods and can be used directly. Without considering the details of the solid modeling used for objects in space and the algorithms used to detect interpenetration, we simply state the interpenetration constraint on the body as f (q) ≥ 0. When we encounter a situation where all the bodies under consideration are moving, the function f (q) is dependent on the states of all the involved bodies. Since the interacting bodies are not fixed in space, an equal and opposite contact force is then applied on each of the interacting bodies when f (q) = 0. 
The corresponding frictional force (λ F ) acting on the body lies in the tangential plane at the point of contact and whose magnitude is constrained by the inequality |λ F | ≤ µλ N , where µ is the coefficient of friction. In order to cast the contact model into an linear complementarity problem (LCP), we use a polygonal approximation ( 
Here, the columns of D c are the vectors d i describing the possible directions of friction and λ F ∈ ℜ η is a vector of weights corresponding to each direction. µ is the coefficient of friction and e = [1, 1, ..., 1]
T ∈ ℜ η . For isotropic friction models, d i would be a unit vector while for anisotropic models the magnitude of these vectors could vary.
Model Discretization
If h is the fixed time step of integration and t l is the current time, then equation (10) can be discretized as
Here, hλ N and hλ F are the impulses of the normal and frictional contact force over the time period from t l to t l+1 . G(q, t) is the mapping between the generalized speeds u and the spatial velocity V of the body. V t (q, t) refers to the velocity remainder term [23] which corresponds to the prescribed motion of the body. The goal here is to compute q l+1 and u l+1 that satisfy this model and the maximum work inequality which will set the direction of the frictional force during a sliding contact. The set of complementarity conditions necessary to correctly model the frictional force and interpenetration constraints described earlier are given by
The additional variable S introduced here approximates the magnitude of the relative contact velocity. In the case where there is no sliding and the frictional force is zero, S can take any non-negative value and satisfy the model. However, in this particular case the value of S has no physical meaning. v r is the relative contact velocity vector and is a function of the generalized speed u.
δg T δt represents the prescribed relative velocity vector between the interacting bodies in the tangential direction at the point of contact.
For most cases the distance function does not take a closed form expression. To get around this, a first order approximation for f (q l+1 ) is used in equation (14a) which can be written as
Here,
accounts for the prescribed motion between the two bodies in the n direction and ǫ is the first order error. Since we are currently dealing only with a single rigid body, the spatial relative contact velocity v r can be computed easily in terms of the q and u. In section 4.2.1, the paper will discuss the computation of v r for a general multibody system.
The complementarity conditions given in (14) cover separation, sliding and a rolling contact and have been described in more detail in [10, 14] . The complementarity condition (14a) enforces the non-penetration constraint while (14b) and (14c) ensure that the frictional force lies inside the linearized friction cone with the direction of frictional force acting on the body being approximately opposite to the direction of relative tangential sliding. The model in its current format is a mixed linear complementarity system. A pure LCP can be obtained in the following manner. Use equations (13a) and (13c) to express q l+1 and u l+1 in terms of the other unknowns and substitute in equation (14) to obtain a LCP. The contact model described in equation (14) is such that sufficient impulse is applied at the contact to prevent interpenetration within first order errors. If used in the current format, the model describes a purely inelastic contact.
A velocity restitution model [21] (Newton's hypothesis) can be incorporated into this setup by additional complementarity constraints. Suppose an impact has occurred during time step t l−1 to t l . This will be indicated by a non-zero normal impulse. The rebound velocity at time t l+1 will then be a fraction (coefficient of restitution ǫ N ) of the approach velocity at time t l−1 . The complementarity condition (14a) can then be replaced by the following
An impulse restitution model [12] (Poisson's hypothesis) can also be introduced if required by replacing equation (16) by the appropriate complementarity conditions. The implementation of either of the restitution models in a DCA framework is identical, albeit with different complementarity conditions. For the purpose of demonstrating the hybrid DCA-complementarity approach, velocity restitution model is included. In this section the discussion was limited to a contact model for a single body. In the following section this will be extended to articulated multibody systems in a DCA framework.
DCA with Unilateral Constraints
The DCA is used to solve the forward dynamics problem for articulated multibody systems with open loops, closed loops or ladder-type topologies [15] - [17] . A DCA framework to model unilateral constraints can be used to decouple the bilateral and unilateral constraints in the multibody system. This results in an efficient formulation for classes of systems where the number of unilateral constraints is much less than the number of bilateral constraints. Such systems are encountered in robotics, molecular modeling and complex spacecraft design.
The basic idea of the DCA is to treat a larger multibody system by recursively assembling adjacent articulated bodies (subsystems) into larger encompassing subsystems. This idea is demonstrated in figure 3 . At the finest level the individual bodies and/or sub-domains are represented by the individual leaves of the binary tree. These are referred to as the "leaf nodes". Within an individual leaf node, all the dynamics of the node are in evidence. However, these leaf nodes have been modeled in such a way that from the outside the only dynamics in evidence is the apparent rigid-body motion of key points on the body boundary (referred to as "handles") through which these nodes interact with their environment. These The hierarchic assembly and disassembly process using binary tree structure nodes are in turn be assembled into fictitious bodies (Intermediate nodes) as the procedure works down to produce the next lower level of the binary tree. This assembly is done in a similar manner for which the internal dynamics of the nodes remain invisible, while only the dynamics of the handles remain in evidence. This process is repeated in a recursive manner as one works downward through the associated binary tree representation until one reaches the root node of the tree. At this level the root node appears as a fictitious spatial rigid body with unknown joint accelerations and constraint forces at it's boundary/terminal handles. The resulting linear system of spatial equations for the root node provides as many equations as there are unknown joint accelerations and constraint forces and may thus be directly solved to obtain these values. The process is then reversed. The now known handle accelerations and joint forces are used to recursively disassemble the nodes into their component nodes, solving for the associated internal joint accelerations and constraint forces. The DCA then consists of two distinct processes, hierarchic assembly and disassembly which must be carried out at each temporal integration.
Hierarchic Assembly
Consider two bodies, k and k + 1 of any articulated system as shown in figure 4 . The joint between these bodies is referred to as J k/k+1 . The two handles on body k corresponding to the locations H k 1 and H k 2 are associated with joints J k−1/k and J k/k+1 , respectively. Further the spatial acceleration of the handle H k i and the constraint force acting on this point will be denoted by the superscript k and subscript i.
In figure 4 , F k u is the force acting on body k due to a unilateral constraint and consists of the normal contact force λ N and frictional force λ F . The assumption here is that the location of the impending or current contact is known. The equations of motion for body k using a spatial Newton-Euler formulation can be expressed as Here, the subscript "0" denotes the center of mass of the body, while superscript k indicates that the quantity is associated with body k. In equation (17) 
where
Here, U is a 3 × 3 identity matrix. r k 0 /k i refers to the position vector from point "0" to point i on body k. 
In equation (20) , n k i is the normal at the i th point of contact, D ci is a 3 × η matrix corresponding to η directions of friction as shown in figure 2 (18) along with ν complementarity conditions of the form (14a)-(14c) describe the dynamics of the single rigid body.
Multiplying equation (18) by inverse of the 6 × 6 spatial mass matrix M k 0 and using (20) , the expressions for the spatial acceleration of the joint handles of the body k can be written as
The above equation set is henceforth referred to as the two-handle equations of motion for body k. A 
In the above discussion, it was assumed that there are ν unilateral constraints acting on each body. In subsequent discussion, we assume that there is a single unilateral constraint acting on body k. This is done for ease of describing the method and is not limiting in any way. Although the formulation for multiple unilateral constraints is not explicitly given, the implications of the same in are discussed in the following sections. Equations (21) and (22) can then be rewritten in the following form for a single unilateral constraint acting on body k as
To combine bodies k and k + 1, one uses the kinematic relationship between the spatial accelerations A given by the equation
P k/k+1 is the 6 × f k matrix of the free-modes of motion [24] , permitted by the f k degreeof-freedom joint J k/k+1 with each column of the matrix P k/k+1 being synonymous with the spatial partial velocities [23] of the joint. u k andu k are the f k × 1 matrices of relative generalized speeds and accelerations for the joint between bodies k and k + 1. We define a matrix D k/k+1 as the orthogonal complement of P k/k+1 . D k/k+1 is a 6 × (6 − f k ) matrix containing the constrained degrees of freedom for the joint J k/k+1 . Based on these definitions one gets the relationship
Premultiplying equation (24) by D k/k+1 T and using the relationship (25) one obtains the following.
From Newtons's third law, we have F in terms of the unknown constraint forces can be obtained in the following form.
Substituting equation (27) into equations (23a) and (23d) the two-handle equation for the combined body can be obtained in the following form.
This process can now be repeated for all the bodies in the system. Adjacent bodies are coupled together in a hierarchic fashion until we have a single assembly for the entire multibody system as shown in figure 3 . It should be noted that if all the bodies in the multibody system have a unilateral contact force associated with them, then all these unknown forces are present in the two-handle equation of the assembled system. If one assumes that in a multibody system with n bodies, there is a single unilateral constraint active on body k, then the two-handle equations of the assembled system can be written as 
Here 1 : n denotes the system root assembly containing bodies 1 through n.
Time-stepping and Hierarchic Disassembly
A general multibody system may have different constraints on the boundary handles. For example, we can have a system with a closed kinematic loop and position constraints on each of the boundary handles or we can have an open loop with unconstrained boundary handles or a combination of the two. In the absence of unilateral constraints, the general procedure to solve equation (29) is described in [15] - [17] . Here, the solution scheme with unilateral constraint on a single body in an articulated multibody system is discussed. The goal is to discretize the two-handle equations of motion and cast them into a form similar to that of equation (13a). In equation (29), if λ N and λ F are treated as parameters, then for different constraints on the terminal handles of the assembly, there are equal number of unknowns and equations. Following the solution scheme described in [15] - [17] it is possible to reduce equation (29) to the following form. 
The Mixed Complementarity Problem
The discretized two-handle equation of the assembly given in (31) along with the complementarity conditions given in equation (14) form our mixed complementarity problem (MCP). In case we had Ξ unilateral constraints acting on the system, the contact force corresponding to each constraint would turn up in the discretized two-handle equation of the assembly. Also, we would have a set of complementarity conditions of the form (14) for each contact. The problem is however not yet fully specified. To use the complementarity conditions, one must express l+1 v k r which is the relative velocity for body k at the point of contact at time step l + 1 in terms of l+1 V 1 1 and l+1 V n 2 . This can be done in the following manner. As a first step, one may assemble all the bodies connected via bilateral constraints which do not have any unilateral constraints acting on them to obtain sub-systems 1 : (k − 1), k and (k + 1) : n as shown in figure 5 . The resulting sub-systems are then assembled to obtain the two-handle equations of motion for the root node. Computing The identical process can be used to obtain an explicit function of the form
. ς depends upon the order in which the bodies were assembled during the hierarchic assembly process. From this, one gets the expression for v k r in the form Then, the resulting MCP is to find x such that, y = Ax + b, where
along with the complementarity condition
Here, U and Z are identity and zero matrices, respectively, with dimensions given by the subscripts. Also, ∆ N = ǫ N v l−1 r · n and is non-zero only if an impact has occurred in the previous time-step. The matrix χ 1 acts either on (14) with ϑ i representing the L.H.S of the complementarity conditions. The advantage of this method is that the size of the MCP is independent of the number of bilateral constraints in the system and depends only on the number of unilateral constraints. The disadvantage is that matrix χ 1 , is expected to be dense, but is still small compared to what one would find using more conventional complementarity methods on real engineering applications.
The other possible approach in formulating the MCP involves appending the equation of spatial velocity for body k to the discretized equations of motion forming a larger MCP. The matrices y and x for our complementarity problem y = Ax + b, can then be written as
In this case, χ 1 is a sparse matrix of the form r× . . . U 3×6 and acts on the spatial velocity
, while χ 2 is a zero matrix.r× is the cross-matrix for position vectorr from the point of impending contact to the handle H k 1 and U is a 3 × 3 identity matrix. Thus, for different kinematic constraints on the boundary handles, at the end of assembly step we have the two-handle discretized equations of motion for the assembled body along with the unknown contact forces acting on body k. These discretized two-handle equations of motion are in required form as described in section 3.1. Additionally, the complementarity conditions described in equation (14) for the contact and frictional force apply directly to the unilateral constraint on body k. These can now be solved for using any MCP solver (e.g PATH solver [25] ) to obtain the values of l+1 V 1 1 , l+1 V n 2 and contact impulses hλ N and hλ F . Knowing these values, the hierarchic disassembly process can now be initiated to obtain the spatial velocities of all the bodies at time t l+1 .
Efficiency of the Method
There are three distinct steps in the proposed method of modeling unilateral constraints. The first step is the hierarchic assembly of the multibody system to give the discretized two-handle equations of motion for the root node. These equations along with the complementarity conditions of the form (14a)-(14c) for each unilateral constraint results in a MCP. The second step involves solving this MCP giving the spatial velocities of the terminal handles at the end of the current time step. The third step is the hierarchic disassembly process which gives the spatial velocities of all the intermediate bodies at the end of the current time step. The hierarchic assembly and disassembly can be done in O(n) [15] - [17] for serial implementation, where n is the number of generalized coordinates for the system. The second step is potentially the most expensive of the three steps and dictates the overall speed of the simulation.
The MCP solvers rely on numerical methods to generate a solution and consequently the speed of the MCP solver is directly affected by the size of the complementarity problem and the structure of the involved matrices. In the following discussion, the authors provide an estimate of the size of the MCP that must be solved at each time step.
For each unilateral constraint, two additional unknowns (λ N ∈ ℜ 1 and λ F ∈ ℜ η ) are introduced in the assembled two-handle equations of the system satisfying the complementarity conditions described in (14) . For a multibody system with Ξ unilateral constraints, the number of unknowns that appear in the MCP can be estimated as follows. The discretized two-handle equations of motion have
, λ N i and λ F i (i = 1 to Ξ) as the unknowns. The spatial velocities result in 12 unknowns and λ N i contributes Ξ unknowns. If one assumes that at each contact, there are η possible directions of frictional force, then each λ F i contributes η unknowns. Thus, the total number of unknowns corresponding to weights of friction directions are Ξη. There are an additional Ξ unknowns corresponding to S i in the complementarity conditions. Thus the total number of unknowns are then 12 + 2Ξ + Ξη of which 2Ξ + Ξη correspond to the complementarity conditions and the remaining correspond to the discretized two-handle equations of motion.
As was seen in section 4.2.1, there are two distinct ways to formulate the MCP in a DCA context. The first approach results in a smaller MCP with a dense 3 × 6 matrix χ 1 i corresponding to each contact. In this case, the size of the MCP is 12 + 2Ξ + Ξη.
The second approach results in a larger MCP with a sparse 3 × 6 matrix χ 1 i . This approach involves appending the spatial velocity of the handles of the bodies with unilateral constraints to the discretized two-handle equations of motion for the assembly. The spatial velocity of each body with a unilateral constraint adds an additional 6 unknowns. Thus, the size of the MCP in this case is 12 + 6B u + 2Ξ + Ξη, where B u is the number of bodies with unilateral constraints. We included only the number of bodies rather than the number of unilateral constraints in computing the size of MCP, since the relative contact velocity ( v r ), for all the unilateral constraints acting on the same body, can be computed from the spatial velocity of any handle on that body.
The size of the MCP in the traditional complementarity based approach to model unilateral constraints is directly dependent on the number of generalized coordinates and bilateral constraints in the system. For example, if one considers a multibody system with n generalized coordinates, then the traditional approach [11] results in a MCP with n equations which must be solved along with the complementarity conditions corresponding to each contact. To form a pure LCP, requires an inversion of n × n mass matrix.
For the proposed method, the size of the MCP is dependent on the approach used to compute the relative contact velocity v r and is independent of the number of generalized coordinates or bilateral constraints in the system. The first approach results in a smaller MCP of size 12+2Ξ+Ξη but with denser matrices χ and l+1 V n 2 in terms of λ N and λ F using equation (31) and substituting the result in equation (32). As can be clearly observed, forming a pure LCP does not require any additional matrix inversions as is the case for conventional complementarity based methods [10, 12, 14] .
The significant advantage of this method is the efficient treatment of the bilateral constraints and decoupling them from the unilateral constraints in the system. This is achieved by first assembling all the bodies which do not have any unilateral constraints on them into fictitious bodies. However, for multibody systems involving a possible unilateral constraint on all the bodies, this approach does not give any additional advantage over the existing methods.
Velocity Jump on Impact
While a unilateral constraint is inactive, the system's behavior is unaffected by the constraint. However, when the unilateral constraint becomes active, the constraint's presence is felt as an impulsive load applied to the system for the purpose of instantaneously enforcing the constraint. This impulsive load necessarily results in instantaneous velocity jumps which may pervade the system, depending on system kinematics. These velocity jumps are precisely of the nature one would expect to arise due to an impact in a system of bodies connected via bilateral constraints. Here, the authors briefly describe how the proposed method always computes the correct velocity jump across all the bodies, given the constraint impulse applied to the system. In the following discussion one assumes that the joint motion map does not change over the integration time step for the entire system. The more general case for discontinuous changes in rigid bodies has been discussed in [26] .
The two-handle equations of motion for body k (See Eq. 23a, 23b) can be written in the discretized form
where I = F dt ≈ F ∆t, is the impulse required for the instantaneous imposition of the constraint. During the assembly process, the method combines the bodies k and k + 1 connected via a kinematic joint by eliminating the constraint force F k 2c . This is done using the fact that F described in equation (24) . One notes that the pairs (I, F ) and (∆V, A) lie in the same joint free-modes of motion subspace as long as the joint motion map does not change over the integration time step. Consequently, if one uses an impulse-momentum formulation for each body described in equations (34a, 34b), the hierarchic assembly and disassembly processes remain unaltered.
From the above discussion, it is clear that if equation (34) was used for the leaf nodes, then the assembled two-handle equations of the root node are in fact the discretized form of equation (29) 
Knowing the kinematic constraints on the boundary handles of the system, I The MCP in equation (32) must be solved at each time step. The solution to this MCP ensures that equation (31) is satisfied for the computed impact and frictional impulses. The impulse due to unilateral constraint on body k was already accounted for while writing it's two-handle equation of motion. Consequently, the correct velocity jump ∆V for each body is computed as one works their way recursively through the binary-tree disassembly process. 
Numerical Examples
The algorithm is demonstrated using the example of a free falling spatial double pendulum as shown in figure 6 . Body A and body B are connected via a spherical joint at point P 2 . A unilateral constraint is defined between the xy plane and point P 1 on body A. Gravity acts along negative z direction. Fixed parameters of the system are as follows. Length and mass of the two bodies are L a = L b = m a = m b = 1. The inertia matrix for each body is
, where diag is a diagonal matrix with diagonal elements listed in parentheses. The spatial orientation of the bodies is modeled using relative body fixed Euler-123 transformations.
Inelastic Contact
For the validation of the model, the following two cases are studied. The orientation vector for the two bodies are set as q a = [0, 2, 0] and q b = [2, 0, 0]. The system is released from rest with zero initial velocity and with point P 1 located at (x, y, z) = (0, 0, 1). In the first simulation, the coefficient of friction between the plane xy and point P 1 was set to zero, or µ = 0. There are no external forces acting on the system in x and y directions. Consequently, one would expect the drift in x and y coordinates of the center of mass of the system to lie within integration errors. One expects that the slope of the indicated drift to be proportional to the integration step size, due to its direct effect on the temporal integrator accuracy. This is precisely what is seen in figure 7 . The time-stepping method implements a first order integration scheme and consequently the errors are proportional to the time step. During the separation regime, the errors are significantly lower since the system behaves like a single rigid body falling under gravity.
To compare our results with an Autolev model of the system (See figure 8) , the spatial orientation of the system is retained but with point P 1 located at (x, y, z) = (0, 0, 0). Coefficient of friction is set to µ = 0.2. The system is given an initial velocity of V x = V y = 1. The fixed time step used in our scheme is ∆T = 10 −4 . Plots 8(a) and 8(c) give the relative body fixed Euler-123 angles generated by the time-stepping scheme and the Autolev model. figure 9 . Once, the point P 1 touches the xy plane, it's z coordinate does not change and stays at 0. As the pendulum continues to oscillate, it looses energy due to the frictional force applied at point P 1 . During the simulation, when the frictional force acting on point P 1 lies within the friction cone, the pendulum enters the stiction regime and behaves like a planar double pendulum with a revolute joint at point P 1 . During the slide regime, the frictional force acting on P 1 lies on the boundary of the friction cone and pendulum continues to slide while loosing energy.
Elastic Contact
Next, to demonstrate elastic contact, the coefficient of restitution is set to ǫ N = 0.7. The double pendulum is released from rest with point P 1 located at (x, y, z) = (0, 0, 0.5) and the spatial orientation vector of two bodies being q a = [0, 1, 0] and q b = [0, 1, 0]. Figure 10 gives the plot of the velocity of point P 1 for this planar elastic model.
As the simulation proceeds, the approach velocity of the point P 1 drops. The direct consequence of this is that there are multiple impacts occurring within a given time-step. These multiple impacts are not captured in the simulation. This is a characteristic of the velocity restitution model used in the simulation. 
Conclusions
In this paper a DCA-Complementarity method is presented as means to efficiently model intermittent contact in certain classes of articulated constrained multibody systems. A complementarity based inelastic contact model and velocity restitution model was implemented in a DCA framework to yield a hybrid time-stepping scheme. The hybrid approach inherits all the properties of the contact model and the DCA framework makes the scheme ideal for application to systems with general topologies.
The complementarity contact model results in a MCP which must be solved at each time-step. In the complementarity based approaches to model multibody systems involving unilateral constraints, the speed of simulation depends primarily on the size of the MCP that must be solved at each time step. In the conventional approaches, the size of MCP is directly dependent on both, the number of bilateral and unilateral constraints. Also, formulating a pure LCP involves the inversion of a system-wide mass matrix. In the hybrid approach presented here, the size of the MCP depends only on the number of unilateral constraints in the system and formulating a pure LCP does not involve any matrix inversions. A LCP solver such as a PATH solver [25] , can be used to solve the discretized two-handle equation of motion at the root node along with the associated contact complementarity conditions. An existing DCA code need only be modified to compute the additional multipliers corresponding to the contact forces λ k N and λ k F at each contact. This can be done at the body level. During the assembly and disassembly process, one needs to keep track of these additional multipliers introduced due to the unilateral constraints. The two-handle equations of motion are formed at the leaf node and the assembly-disassembly process proceeds in a hierarchical fashion. This gives the analyst an option of serial or parallel implementation for the assembly-disassembly process.
The proposed method is expected to be more efficient than conventional complementarity based time stepping schemes for applications involving a large number of bilateral constraints and relatively fewer unilateral constraints (e.g certain robotics applications, bonding and/or docking of protein molecules) and the DCA framework for formulating equations of motion, makes it adequate for analyzing highly constrained systems involving unilateral constraints.
